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I. Introduction
The major goals of this project were to design, fabricate and operate two flux qubits, to demonstrate that they could be entangled, and to vary their interaction energy. These goals have been realized and the results are summarized in this final report.
Section II presents a brief overview of the design and fabrication of the two qubits and the dc SQUID (Superconducting QUantum Interference Device) used to measure their quantum states. The infrastructure and measurement techniques are briefly summarized. Section III summarizes measurements of the dephasing times of a single flux qubit using Ramsey fringes, flux echoes and spectroscopic linewidths. These results are used to show that the dephasing is due to l/f flux noise. In Sec. IV, we outline the theory of a scheme to control the interaction between two flux qubits. Recent experimental results on the controlled entanglement of two flux qubits are presented in Sec. V; these results were obtained during the six-month, no-cost extension of the grant that terminated November 30, 2005. Publications and presentations resulting from this research are listed in Appendix A. Appendix B lists the personnel involved in the project.
II. Design Issues and Infrastructure
Our experiments are based on the three-junction flux qubit first proposed by Orlando et al. [1] , but in a significantly different regime. In the original design, the area of the superconducting loop was very small (dimensions of a few micrometers) so that the inductance of the qubit was entirely dominated by the kinetic inductance of the junctions. The small area of the loop makes the device less sensitive to external magnetic field fluctuations than large loops, but, by the same token, one has to apply a relatively large field to induce a flux on the order of a flux quantum, Φ 0 = h/2e ≈ 2.07 x 10 -15 Wb. As a consequence, the Delft group used an off-chip coil to generate the magnetic field. This approach makes it virtually impossible to control the fluxes in two qubits on the same chip independently. Since we wished to have full control of these fluxes, we adopted a different approach. We designed the qubits with areas two orders of magnitude larger than in the Delft design, and equipped each with its own on-chip flux lines capable of producing a flux quantum in the SQUID with a modest current (~500 µA). In this design, the qubit inductance is comparable with the geometrical inductance of the loop, yielding quite different dynamics. As a result, we undertook a detailed study of the qubit behavior in this regime [2] . An obvious drawback of the larger loop area is that the design is correspondingly more sensitive to external magnetic field fluctuations. We obviated this problem by enclosing the chip in a superconducting box that effectively excluded ambient magnetic noise.
We fabricated our devices on oxidized Si chips using electron-beam lithography and double-angle evaporation to form the Al-AlOx-Al tunnel junctions. A photograph of the two qubits and the readout SQUID surrounding them appears in Fig. 1 Figure 3 shows schematically the configuration of the measurement system. The dilution refrigerator is surrounded by a shielded room made of copper sheet with an attenuation of 100 dB at 1 GHz. The refrigerator, an Oxford Kelvinox 300, is capable of attaining temperatures below 20 mK; however, the thermal load of the various wires and cables limits the base temperature to 35-40 mK. The chip on which the superconducting circuits are fabricated is mounted in a copper box, plated on the inside with lead and thermally anchored to the mixing chamber. The pulse and sense lines for the readout SQUID enter from the right-hand cavity, and are heavily damped by 3-kΩ resistors. The two flux bias lines, one for the qubit and the other for the readout SQUID, enter from the left and are heavily damped by copper powder filters in the cavity. Microwaves can be coupled to the qubit via a coaxial line that enters from below and is coupled to the qubit via a 1-mm-diameter loop of niobium wire. To determine the critical current of the readout SQUID, a current pulse is supplied by a computer-controlled generator outside the shielded room. This line has a 20-dB attenuator at room temperature, a 20-dB attenuator at 1.5 K, a 10-dB attenuator at 0.7 K and a 6-dB attenuator at 40 mK. The pulse is largely reflected by the 3-kΩ terminating resistor, but the reflected pulse is absorbed by the matched 50-Ω attenuator at 40 mK so that there is no resonance. The sense line is coupled to the readout SQUID via a 3-kΩ resistor, and the signal passes through a copper powder filter at 40 mK and a π-filter at 1.5 K before being coupled to the roomtemperature, battery-operated preamplifier. If the SQUID switches in response to the pulse, the comparator transmits a signal to the computer outside the shielded room via a fiber-optic link. The flux bias currents are produced by digitally programmable potentiometers controlled by a computer via a fiber optic link [3] . The lines to the chip are very heavily filtered: there are π-filters at 300 K and 4.2 K, a copper powder filter at 4.2 K, and a π-filter and two copper powder filters at 40 mK. This series of filters roll off sharply at frequencies above 25 Hz. Finally, the microwave generator, which is outside the shielded room, is inductively coupled to the qubit via a line with the following attenuators: 20 dB at room temperature, 10 dB at 4.2 K, 3 dB at 1.5 K, 3 dB at 100 mK and 3 dB at 40 mK. In addition, there is a high pass filter at 10 MHz. The mutual inductance of the line to the qubit is extremely small, approximately 10 fH.
III. Results on a Single Flux Qubit

A. Measurements of dephasing times
To perform experiments on the entanglement of two qubits, it is essential to be able to manipulate the state of a single qubit by means of microwave pulses in a precise way. We briefly describe results on Ramsey fringes and flux echoes [4] and show that the two values of the decoherence times obtained from those are compatible with the measured linewidth. These experiments were performed on a flux qubit with a minimum energy splitting (at the degeneracy point with a flux bias of Φ 0 /2) of 3.99 GHz. All three measurements were made away from the degeneracy point at a frequency of 10.2 GHz. Figure 4 (a) plots the SQUID switching probability versus the time interval between the two pulses for a microwave frequency f m that is slightly off-resonance. A fit to these oscillations yields a decoherence time T 2 * of 7.1 ± 0.3 ns. The Ramsey fringe frequency is expected to be proportional to |f m -f q |, where f q is the resonant frequency of the qubit. This behavior is clearly demonstrated in Fig. 4 (b), which yields f q = 10.22GHz.
We performed echo-corrected Ramsey fringe measurements in which a microwave π pulse was inserted between the two π/2 pulses. Data for a range of π-pulse positions are shown in Fig. 5 (a). The echo pulse corrects for inhomogeneous dephasing, so that the peak of the echo envelope decays with the homogeneous dephasing time T 2 . In Fig. 5 (b) we obtain a value T 2 = 30 ± 6 ns.
Another measure of decoherence may be obtained from the dependence of spectroscopic linewidth on microwave amplitude. In the limit of strong driving, this dependence is approximately linear and extrapolates at zero driving amplitude to a linewidth corresponding to the inhomogeneous dephasing time T 2 '. Figure 6 shows linewidth measurements at a qubit resonant frequency of 10.2 GHz, and the extrapolation of T 2 '=11.1 ± 1 ns from these data. The overall dephasing rate is expected to be the sum of the homogeneous and inhomogeneous contributions, that is, (T 2 *)
ns, which is consistent with the measured value T 2 * = 7.1 ± 0.3 ns.
B. Estimates of flux noise
We have investigated 1/f flux noise as a possible source of dephasing in our qubit. A given flux noise spectrum S Φ produces dephasing in a Ramsey-fringe measurement according to
where
〉 is the phase variance and f m is the inverse of the measurement time. The dephasing time is the time required for the dephasing factor exp(-〈(∆φ) 2 〉 / 2) to decay to 1/e. Dephasing in an echo-corrected Ramsey-fringe measurement may be calculated similarly, from 〈(∆φ)
We assume a noise spectrum of the form S Φ (f) = α Equating the two expressions [Eqs.
(1) and (2)] for <(∆φ) 2 > we find β ≈ 0.95 and a noise amplitude of about 4.5 µΦ 0 at 1 Hz. Thus, these measurements yield a flux noise power spectrum that scales closely as l/f. This measurement was made possible by our determination of T 2 and T 2 * on the same qubit under precisely the same experimental conditions. It is extremely interesting to compare the inferred value of 1/f noise with the 1/f measurements of Wellstood et al. [5] on 12 dc SQUIDs, made almost 20 years ago. The SQUIDs were fabricated from Nb, Pb, or PbIn in a variety of configurations. These data were obtained by measuring the 1/f voltage noise across a voltage-biased SQUID as a function of the applied flux using a second SQUID as an amplifier. The variation of the noise with the flux-to-current transfer function enabled the authors to separate out the flux 1/f noise from the critical current 1/f noise. The magnitude of the noise at the lowest temperatures varied from about 5 to 10 µΦ 0 at 1 Hz. The remarkable agreement of these values with the value deduced from the recent flux qubit measurements is quite striking, and leads one to postulate the existence of a "universal flux 1/f noise" to join the "universal critical current 1/f noise" [6] and "universal charge 1/f noise" that pervade the superconducting community. Elucidating the fundamental mechanisms for these noise sources remains a challenging and vital problem.
IV. Entangling Flux Qubits with a Bipolar Dynamic Inductance
To implement a quantum algorithm, one must be able to entangle multiple qubits, so that an interaction term is required in the Hamiltonian describing any two qubit system. For two superconducting flux qubits, the natural interaction is between their magnetic fluxes. Thus, for two flux qubits arranged so that a flux change in one qubit can alter the flux of the second qubit, the coupled-qubit Hamiltonian takes the form
Here, H 1 and H 2 are the Hamiltonians of the separated qubits 1 and 2, and σ z (1) and σ z (2) are the Pauli spin-1/2 operators for qubits 1 and 2. The parameter K characterizes the coupling strength; for K < 0, the minimum energy configuration for this system is with the qubits antiparallel. For two qubits coupled through a mutual inductance M, the interaction strength K 0 is given by
and will always be present in any practical layout; I q (1) and I q (2) are the supercurrents in qubits 1 and 2.
Entangling operations can be much more efficient if the interaction can be varied and, ideally, turned off during parts of the manipulation. We have devised a coupling scheme for flux qubits whereby the interaction is adjusted by changing a relatively small current which can be varied rapidly with existing pulse technology [7] . For suitable device parameters, the sign of the coupling can also be changed, thus making it possible to null out the direct interaction between the flux qubits. Furthermore, the same device can be used to vary the coupling and to read out the flux states of the qubits. A variable coupling scheme for charge-based superconducting qubits has been suggested recently [8] , but, to our knowledge, no feasible variable coupling has previously been proposed to exploit the advantages of flux qubits.
The coupling mechanism for our scheme [ Fig. 7(a) ] is the circulating current J in a dc Superconducting QUantum Interference Device (SQUID), in the zero voltage state, which is coupled to each of the two identical qubits through an identical mutual inductance M qs . A variation in the flux applied to the SQUID, Φ s , caused by one of the qubits switching between its two flux states, changes J as determined by L D -1 = ∂J/∂Φ s , the inverse dynamic inductance. This change in J alters the flux coupled from the SQUID to the second qubit, leading to an interaction energy between the two qubits, K s , which is proportional to L D -1 . The coupling strength K s takes the form For reasonable device parameters, the sum of K s and the direct mutual interaction between the qubits, K 0 , can be as large as -0.3 GHz. For a particular range of values of the screening parameter β L = 2LI 0 /Φ 0 and for fixed magnetic flux, L D -1 can be reduced to zero and even made negative by changing the bias current I b [ Fig. 7(b) ]; here I b < I c (Φ s ), the critical current for which the SQUID switches out of the zero-voltage state at zero temperature in the absence of quantum tunneling. The ability to change the sign of L D -1 makes it possible to null out K 0 , yielding a vanishing net interaction so that the qubits are truly isolated [ Fig. 8 ]. In single qubit experiments, the qubit state is determined by coupling the qubit screening flux to a similar dc SQUID to which rapid pulses of I b are applied to measure I c (Φ s , T). Thus, the existing measurement technology allows for I b to be varied on this same timescale of a few nanoseconds, so that a single dc SQUID can be used to measure the flux state of two qubits and to couple them together controllably. 
V. Two Entangled Flux Qubits
A. Characterization of individual qubits
Subsequently, we fabricated a new chip and succeeded in entangling the two qubits. Figure 9 shows the microwave spectroscopy of the two qubits. Remarkably, the two devices have nearly identical parameters: at the degeneracy point, the splittings were ∆ A = 8.88 ± 0.01 GHz and ∆ B = 8.98 ± 0.01 GHz, respectively. The fact that the splittings agree to within ±1% indicates that the areas and critical currents of the junctions are very closely matched.
In contrast to our earlier flux qubits, it proved possible to operate each qubit separately at its degeneracy point. At the degeneracy points, the values of T 2 obtained from echoes were 74 ± 11 ns and 148 ± 12 ns for qubits A and B, respectively; away from the degeneracy points, the corresponding times were 23 ± 4 and 43 ± 4 ns. The longer values of T 2 at the degeneracy points suggest that dephasing is due to flux noise, which to first order has no effect there.
B. Measurements on entangled qubits
There are two fundamentally different modes in which two qubits can be entangled. The first occurs when both qubits are flux biased away from their degeneracy points. As is evident from Fig. 9 , in the absence of any qubit-qubit interaction, the two spectra would intersect. The presence of the interaction, however, resolves the degeneracy and causes an anticrossing: we refer to this as an "intersecting anticrossing". The magnitude of the splitting is related to the magnitude of the qubit-qubit interaction. The second kind of entanglement occurs when both qubits are biased very close to their respective degeneracy points: this is possible because of the independent flux lines. The interaction between the two qubits shifts the values of ∆ A and ∆ B . We refer to this kind of entanglement as occurring at the double degeneracy point. The basis states for the two qubits are |00>, |01>, |10> and |11>. Here "0" refers to the spin-up state of one of the qubits and "1" to the spin-down state. The qubit-qubit interaction leads to the formation of four new states, three symmetric triplet states of the form |00>, α|01> + β|10> and |11> and one antisymmetric singlet state of the form γ|01> -δ|10>. The direct interaction between the two qubits is antiferromagnetic, that is, the state |01> or |10> has a lower energy than the state |00> or |11>. Precisely at the intersecting anticrossing (Fig. 10) for two identical qubits, the ground state |0> is a triplet, the first excited state |1> is a singlet, the second excited state |2> is a triplet and the third excited state |3> is a triplet. For the small differences in ∆ A and ∆ B relevant to our experiment, there will be tiny amounts of the singlet state mixed in with the triplet states and vice versa. | 3 > probability density
flux biases away from the degeneracy points, there will also be small changes in the contributions of the four basis states. Figure 11 (a) shows spectroscopy near an intersecting anticrossing at 11.24 GHz. The upper spectrum is the triplet state |2> and the lower curve the single state |1>. These data were obtained by adjusting the bias currents in the two flux lines to sweep the fluxes in the two qubits Φ A and Φ B , while keeping the flux in the SQUID constant. The observed splitting at the anticrossing is 122.6 ± 0.8 MHz. It is noteworthy that there is a paucity of data for the singlet state near the anticrossing. The lack of transitions from the ground state is as predicted: the perturbation of the form σ 1Z + σ 2Z is symmetrypreserving so that transitions from a pure triplet state to a pure singlet state are forbidden. As the flux biases move away from the degeneracy point, there is a small admixture of singlet state into the ground state and of triplet state into the excited state |1>, thereby permitting transitions. The corresponding squares of the matrix elements calculated for the transitions to the states |2> and |1>, |T 20 | 2 and |T 10 | 2 , are plotted in Fig. 12(a) for the measured parameters of our system. We see that, while |T 20 | 2 varies smoothly across the degeneracy point, |T 10 | 2 drops to zero at the degeneracy point. The behavior is entirely consistent with the data.
Fig. 11
Microwave spectroscopy for entangled qubits A and B near an intersecting anticrossing. (a) Zero SQUID bias current. The upper state is the triplet excited state |2>, the lower the singlet excited state |1>. Note the absence of transitions to |1> close to the degeneracy point, as predicted by theory. The splitting at the degeneracy point is 122.6 ± 0.8 MHz. (b) Spectroscopy in the presence of a 0.46-µA bias current in the readout SQUID. The splitting at the degeneracy point has been reduced to 96.7 ± 2.6 MHz. In both figures, the fluxes Φ A and Φ B were adjusted so as to keep the total flux in the SQUID constant. Figure 12(b) shows the calculated splitting of the |0> and |2> states. These calculations involve the following parameters: the self-inductance of the SQUID and the mutual inductances between the two qubits and between each qubit and the SQUID (estimated from Fast Henry); the maximum critical current of the SQUID (calculated from its measured resistance well above the energy gap); the measured flux bias of the SQUID; and the values of the qubit circulating supercurrents, determined from the asymptotic slopes of the spectra in Fig. 9 (dε/dΦ = 2I q , where ε is the frequency in energy units). The calculated value of the splitting at the degeneracy point is 119 MHz. The extraordinarily good agreement with the measured value of 122.6 ± 0.8 MHz is probably coincidental, since the estimated values of the inductances are likely to be accurate to no more than a few percent. Nonetheless, this result demonstrates that the coupling of the two qubits is well understood despite the substantial nonlinear contribution of the SQUID. Figure 11(b) shows the spectroscopy in the presence of a small bias current pulse applied to the SQUID just before a larger current pulse is applied to make a measurement of the state of the qubits. The splitting at the degeneracy point has been reduced to 96.7 ± 2.6 MHz. As explained in Sec. IV, the bias current modifies the dynamic inductance of the readout SQUID, thereby reducing the magnitude of the coupling energy. In turn, this reduces the splitting. At the time of writing, a systematic study is being made of the dependence of the splitting on SQUID bias current, and the results will be compared with the theory of Sec. IV.
Fig. 12
Calculated behavior at the intersecting degeneracy point for the parameters of Fig.  11 We turn now to a discussion of the qubit-qubit interaction near the double degeneracy point. In this case, the ground state |0> and third excited state |3> are again pure triplet states (Fig. 13) . The first excited state is predominantly singlet, but has an admixture of the triplet states; by the same token, the second excited state is predominantly triplet, but has an admixture of the singlet state. Figure 14 shows the measured spectra near the double degeneracy point at which both qubits are biased near Φ 0 /2. The solid lines are the measured spectra for the uncoupled qubits. We see immediately that the interaction between the qubits has repulsed the energy levels of the two coupled states |1> and |2>. The state |2> has moved up by 55 ± 7 MHz and the state |1> has moved down by 53 ± 7 MHz. It is noteworthy that, given the experimental errors, the repulsion of these two energy levels by the qubit-qubit coupling, 108 ± 7 MHz, is close to that measured at the intersecting degeneracy point.
Fig. 13
Calculated wave functions near the double degeneracy point. Probability density for each of the four basis states is plotted for the states |0>, |1>, |2> and |3>.
We expect that experiments will continue for several months to explore many more aspects of these coupled qubits. These experiments include controlling the energy level splitting at both the intersecting anticrossing and the double degeneracy point by varying the bias flux and bias current of the SQUID, performing various kinds of manipulations -Rabi oscillations, Ramsey fringes and flux echoeson the entangled states, and attempting a Rabi swap, in which one first populates (say) the |2> state and applies a pulse to transfer this population to (say) the state |1>.
Fig. 14
Microwave spectroscopy for entangled qubits A and B near their double degeneracy point. Upper state is |2> and lower state is |0>. The solid lines are the spectra for the uncoupled qubits, lower is A and upper is B. Coupling the qubits repulsed the two levels by a total of 108 ± 7 MHz.
VI. Concluding remarks
These experiments demonstrate the feasibility of entangling two flux qubits in two fundamentally different modes: at the intersecting anticrossing and at the double degeneracy point. This entanglement involves the quantum superpositions of two macroscopic states containing about 10 12 electrons. Microwave spectroscopy reveals the resultant anticrossing in the first case and energy level shift in the second. Application of a bias current pulse in the SQUID in the zero-voltage state changed the magnitude of the splitting in each case, by an amount that was in accord with predictions. In principle, the two qubits and their readout SQUID should be capable of a Controlled-NOT (CNOT) operation.
Given the successful observation of the controlled entanglement of two flux qubits, what steps could we take to improve the performance? In fact, the on-chip devices are sufficiently close to optimum that it is unlikely that we could improve on them significantly without a substantially better electron-beam writing system. Thus, any improvements would be directed at the infrastructure and readout scheme, and are as follows.
(i) Replace the dissipative readout scheme with a nondissipative scheme. Currently, the rate at which we can acquire data is limited to a few kilohertz by the fact that each SQUID switching event injects heat into the chip that takes hundreds of microseconds to decay. A better scheme would determine the flux applied to the SQUID by the qubits by measuring its inductance, leaving the SQUID in the zero-voltage state and thus causing no dissipation. Two methods of achieving this goal have been reported. One, by the Delft group, involves connecting the SQUID in parallel with a capacitor and measuring the resonant frequency of the resulting tank circuit. The resonant frequency depends on the flux in the SQUID. The second method, invented by Devoret and co-workers at Yale, involves a Josephson bifurcation amplifier. Both methods have the advantage of employing relatively narrow band signals to interrogate the SQUID, thereby potentially reducing decoherence due to low-frequency noise being coupled to the qubits. Furthermore, the absence of dissipation implies that one can greatly increase the rate of data acquisition and thus considerably reduce the time to perform a given experiment.
(ii) Replace the microwave coupling loop with on-chip microwave lines. Careful design of these lines should reduce the microwave coupling to the readout SQUID substantially, and thereby minimize the disturbance of the SQUID by microwave pulses used to manipulate the flux qubits. Furthermore, it would be desirable to install two microwave lines, one for each qubit, to enable one to manipulate the state of the qubits independently.
(iii) Attempt to increase the dephasing times. This is a challenging and open-ended undertaking. If indeed the decoherence times are limited by a "universal flux noise" of unknown origin, the way forward is not obvious. Nonetheless, we could attempt to improve the environment provided by the various lines coupled to the chip by improving the microwave engineering. In particular, we could probably reduce the low-frequency noise coupled in via the flux lines by means of improved on-chip filters. Noise coupled down the line used to apply readout signals to the SQUIDs could be reduced by means of a low pass filter at about 1 GHz. However, implementation of an inductive readout scheme will likely reduce this source of noise in any case. To the extent we can make reasonable estimates, noise coupled in via the microwave line and SQUID readout line is not important. Whether or not these suggested improvements will enhance the dephasing times remains to be seen, but they seem to be the only way to attack the problem.
To make further progress towards a quantum computer, one would of course have to implement large numbers of qubits. Fabrication of (say) tens of qubits will be challenging, but, given good facilities, seems perfectly feasible. Before attempting such proliferation, however, it would seem wise to explore the limits of what can be achieved in terms of dephasing times and proficiency of readout schemes with just two qubits. Subsequent scaling would likely be much more straightforward.
